Generalized Pauli-Fierz Hamiltonian with Kato-class potential K PF in nonrelativistic quantum electrodynamics is defined and studied by a path measure. K PF is defined as the self-adjoint generator of a strongly continuous one-parameter symmetric semigroup and it is shown that its bound states spatially exponentially decay pointwise and the ground state is unique.
Introduction
In this paper we investigate generalized Pauli-Fierz Hamiltonians with Kato-class potentials in nonrelativistic quantum electrodynamics by a path measure. It includes not only Kato-class potentials but also general cutoff functions of quantized radiation fields. Basic ingredients in this paper are path measures and functional integral representation of semigroups. It has been shown that functional integral representations are useful tools to investigate the spectrum of models in quantum field theory.
See e.g., [BHLMS02, Gub06, Hir00-a, Hir07, HL08, LMS02a, Nel64, Spo98, Spo04].
The strongly continuous one-parameter semigroup (e −tHp ) t≥0 generated by the turns to be the strongly continuous one-parameter symmetric semigroup for a Katoclass potential V . The Schrödinger operator with a Kato-class potential V is then defined as the self-adjoint generator of (S t ) t≥0 . See e.g., [BHL00, Sim82, HIL09] .
Three-dimensional Kato class includes a singular external potential such as V (x) = −|x| −a , 0 ≤ a < 2.
We extend this to the Pauli-Fierz Hamiltonian. The Pauli-Fierz Hamiltonian H PF is a self-adjoint operator defined on the tensor product of Hilbert spaces:
where L 2 (Q) is an L 2 -space over a probability apace (Q, B, µ) with a Gaussian measure µ, and it describes the Schrödinger representation of the standard Boson
Fock space. The Pauli-Fierz Hamiltonian H PF is given by
where α ≥ 0 is a coupling constant, H f (m) the free field Hamiltonian with a field mass m ≥ 0 and A = (A 1 , ..., A d ) a quantized radiation field with a cutoff function.
See Section 2 for the detail of notations. Under some conditions on cutoff functions and V it is proven that (1.5) is self-adjoint and e −tH PF is then defined by the spectral resolution. In [Hir97] , (F, e −tH PF G) is also presented by a path measure:
where T t is of the form
for each x ∈ R d . Compare with (1.3) and see (2.47) for the detail.
Our construction of generalized Pauli-Fierz Hamiltonians is closed to the procedure to define the Schrödinger operator with Kato-class potentials. We believe however that it is worthwhile extending it to the Pauli-Fierz Hamiltonian from mathematical point of view. It will be shown that the family of operators T t : H → H , t ≥ 0, can be also defined for Kato class potentials V and general cutoff functions in A , and the generalized Pauli-Fierz Hamiltonian K PF is defined as the self-adjoint generator of (T t ) t≥0 . Of course under some conditions K PF coincides with H PF , but K PF permits to include more singular V's and general cutoff functions in A .
Cutoff functions of A µ (x), µ = 1, 2, 3, of the standard Pauli-Fierz Hamiltonian in three-dimension are of the form e −ikx e µ (k, j)φ(k)/ |k| (1.8)
with some functionφ and polarization vectors e(k, j) = (e 1 (k, j), e 2 (k, j), e 3 (k, j)), 
is some function and Ψ(k, x), k = 0, is the unique solution of the Lippman-Schwinger equation [Ike60] :
The main results of the present paper are as follows:
(1) we define the generalized Pauli-Fierz Hamiltonian K PF with Kato class potentials and generalized cutoff functions, i.e., we prove that (T t ) t≥0 is a strongly continuous one-parameter symmetric semigroup;
(2) K PF is an extension of H PF ;
(3) bound states of K PF spatially exponentially decay pointwise and the ground is unique if it exists.
We explain an outline of (1)-(3) above.
First we define the strongly continuous one-parameter symmetric semigroup (T t ) t≥0 with Kato-class potentials and general cutoff functions by functional integral representations. Then K PF is defined by T t = e −tK PF for t ≥ 0. We introduce two assumptions, Assumptions 2.1 and 2.12, on cutoff functions of A . The former is stronger than the later. One advantage to define the generalized Pauli-Fierz Hamiltonian by a path measure is that we need only a weak condition on cutoff functions (Assumption 2.12) and external potentials. Then for arbitrary α ∈ R, Kato-class potential V and cutoff functionρ
Secondly we can show that 
almost everywhere x ∈ R d , and constants D and C are independent of the field mass m. Here the exponent β, β ≥ 1, is determined by the behavior of external potential V . When lim inf |x|→∞ V (x) < E, we can take β = 1, and when V (x) = |x| 2n , β = n + 1 is obtained. See Theorem ?? for the detail. Furthermore from a standard argument [Hir00-a] it follows that the transformed operator e i(π/2)N T t e −i(π/2)N is a positivity improving semigroup, where N denotes the number operator in L 2 (Q).
Then we conclude that the ground state of K PF is unique if it exists.
This paper is organized as follows: Section 2 is devoted to constructing a strongly continuous symmetric semigroup (T t ) t≥0 and defining the self-adjoint operator K PF .
In Section 3 we show the spatial exponential decay of bound states of K PF pointwise.
Section 4 is an appendix.
2 Generalized Pauli-Fierz Hamiltonian
Definitions
Let us begin with defining a generalized Pauli-Fierz Hamiltonian by a path measure.
We use the notation E P for the expectation with respect to a probability measure
There exist a σ-field B, a probability measure µ on a measurable space (Q, B) and a Gaussian random variable A (Φ)
and the covariance is given by
Throughout the scalar product on Hilbert space L is denoted by (F, G) L , where it is antilinear in F and linear in G. We omit L when no confusion arises. For general
It is know that the linear hull of
is dense in L 2 (Q), where : X : denotes the wick product of X. See Section 4 for the definition of Wick product. Let us define the free field Hamiltonian H f (m) on
and can be uniquely extended to the contraction operator on the hole space L 2 (Q), which is denoted by the same symbol Γ(T ). We can check that Γ(T )Γ(S) = Γ(T S).
Then {Γ(e −ith )} t∈R for a self-adjoint operator h defines the strongly continuous oneparameter unitary group on L 2 (Q). The self-adjoint generator of {Γ(e −ith )} t∈R is denoted by dΓ(h), i.e.,
where
Then we set
and it is called the free field Hamiltonian on
. We define the Schrödinger operator H p by
where V denotes a real-valued external potential. The conditions on V will be required later. The zero coupling Hamiltonian is now given by the self-adjoint operator
The Pauli-Fierz Hamiltonian H PF is defined by replacing p ⊗ 1 in zero coupling Hamiltonian (2.11) with p ⊗ 1 + √ αA , where α ≥ 0 is a coupling constant and
is the so-called quantized radiation field. Here we used the identification
where φ j µ is a cutoff function andX (resp.X) denotes the (resp. inverse) Fourier transform of X. Note thatρ
Examples of cutoff functions are given letter. The quantized radiation field is defined by
for each x ∈ R d . Now we arrive at the definition of the Pauli-Fierz Hamiltonian. It is defined by
We omit ⊗ for notational convenience in what follows. Then H PF is expressed as
Under Assumption 2.1 it follows that 
where e(k, j) = (e 1 (k, j), e 2 (k, j), e 3 (k, j)), j = 1, 2, denote polarization vectors, and ϕ is an ultraviolet cutoff function. Suppose that 
It is established that the Pauli-Fierz Hamiltonian with a variable mass has a ground state for arbitrary values of coupling constants when |v(
with some constant C. Then it is also seen that
) follows from (2.22) and (2.24). In addition to condition suppφ
Feynman-Kac type formulae
Let us prepare the Euclidean version of the quantized radiation field A (Φ) to construct a functional integral representation of e −tH PF in the same way as [Hir97] . Let
). There exist a probability measure µ E on a measurable space
such that
Both L 2 (Q) and L 2 (Q E ) are connected through the second quantization of the family
with the Wiener measure P x . I.e., P
where lim n→∞ is a strong limit in L 2 (X ; L 2 (R d+1 )). By the Itô isometry we have
Hence we have the bound
The next proposition is fundamental.
, (2.29)
Proof: Suppose thatρ
is proven in the same way as [Hir00-b, Lemma 4.8]. Next we suppose thatρ
We note thatρ
In the same way as above we can also see that
is known. From (2.34) and
We estimate
. By (2.28) we have
where δf = f − f M,n ′ . By (2.31) and (2.32) we see that
for each x ∈ R d . Then by the Lebesgue dominated convergence theorem we have
Then (2.29) also holds for ρ 
holds, where B r (x) denotes the closed ball of radius r centered at x, and
(2.37)
We denote the set of Kato-class potential by K kato .
An equivalent characterization of Kato-class is as follows:
Proof: See e.g., [AS82, CFKS87, Sim82] . QED Definition 2.7 Let K be the set of external potential
Example 2.9 Let d = 3 and V (x) = P (x) − a |x| b , where a ≥ 0, 0 ≤ b < 2 and
Now we shall see that the random variable t 0 V ± (B s )ds is integrable with respect to the Wiener measure P x for V ∈ K .
Then there exists a measurable set N N ⊂ X such that P x (N N ) = 0 and
Thus the lemma follows. QED When V − ∈ K kato , it can be seen that the exponent e t 0 V (Bs)ds is integrable with respect to P x , and the supremum of E x e t 0 V (Bs)ds in x is finite. We shall check it.
Lemma 2.11 Let V ∈ K Kato . Then there exists β > 0 and γ > 0 such that
there exists C such that
Proof: By Proposition 2.6 there exists t * > 0 such that
for all t ≤ t * , and α t → 0 as t → 0. It is known as Khasminskii's lemma that
for all t ≤ t * . By means of the Markov property of the Brownian motion we have
Repeating this procedure we can see that 
In the case of d = 1 we directly see that
Next we let d ≥ 2 and q be such that Let an arbitrary ǫ > 0 be fixed. We have
It is easy to see that
Let f be the integral kernel of ( 
. The functional integral representation of (F, e −tH PF G) is also given by
.
From this expression we shall define (T t ) t≥0 by (2.47) below.
Assumption 2.12 We suppose that
Note that under Assumption 2.12, A µ (x) is not relatively bounded with respect to H f (m) in the case of m = 0. Under Assumption 2.12 however we define the family of linear operators {T t } t≥0 on H by
for all t ≥ 0. Note that K t is well defined sinceρ
Lemma 2.13 Suppose Assumption 2.12. Then T t is bounded on H for t ≥ 0.
Proof: By the definition of T t we have
In what follows we shall show that {T t } t≥0 is a strongly continuous one-parameter symmetric semigroup on H . In order to show it we introduce the second quantization of Euclidean group {u t , r} on L 2 (R d+1 ), where the time shift operator
and the time reflection r :
The second quantization of u t and r are denoted by
, respectively. Note that r * = r, rr = r * r = 1, u * t = u −t and u * t u t = 1 and that U t and R are unitary. The time shift u t , the time reflection r and isometry j t :
Lemma 2.14 (1) u t j s = j s+t and U t J s = J s+t . (2) rj s = j −s r and RU s = U −s R.
Proof: By the definition of j s we have
Then u t j s = j s+t follows, and 2) Proof: By the definition of T t we have 
Since U s is unitary we have
as an operator, where the exponent is given by 
where E x [· · · |F s ] denotes the conditional expectation with respect to (F t ) t≥0 and
Hence we obtain that
and the lemma is proven. QED Next we check the symmetric property of T t .
Lemma 2.16 Suppose Assumption 2.12. Then it follows that T * t = T t for t ≥ 0.
Proof: By the functional integral representation and the unitarity of the time-
where the exponent is
By means of the timeshift U t we also have
s . Finally we setB s = B t−s − B t , which equals to B s in law. Then we have
and lim n→∞ is in the strong sense of L 2 (X ; L 2 (R d+1 )) and
Then exchanging dx and E 0 in (2.50) we have
and changing variable x − B t to x in dx we have
We thus can finally see that
Then the lemma follows. QED Lemma 2.17 Suppose Assumption 2.12. Then T t is strongly continuous in t ≥ 0 on H .
Proof: Since T t is uniformly bounded and the semigroup property T t T s = T t+s is hold, it is enough to show the weak continuity at t = 0. By the Lebesgue dominated convergence theorem it suffices to show that
The first and second terms of the right-hand side above converge to zero as t → 0, since B t and J t are continuous in t. We will check that the third line also goes to zero. We have
We have a bound
where 
Then under this identification e i(π/2)N e −tK PF e −i(π/2)N , t > 0, is positivity improving.
In particular the ground state of K PF is unique if it exists.
Proof: By (2.53) we can see that
Since in [Hir00-a] it is shown that e i(π/2)N e i √ αA E (Kt) e −i(π/2)N is positivity improving, (F, e i(π/2)N e −tK PF e −i(π/2)N G) > 0 for all 0 ≤ F, G ∈ H but F = 0 and G = 0. Then
Corollary 2.21 Suppose Assumption 2.12. e −tK PF can be extended to a bounded
Proof: Let p = ∞, p = 1 and
Thus we have
In the case of p = ∞ and p = 1, the proof is similar. QED
Quadratic form and K PF
By the functional integral representation we have the so-called diamagnetic inequal-
By means of the diamagnetic inequality we can see that when |V | 1/2 is relatively bounded with respect to (p 2 /2) 1/2 with a relative bound a ≥ 0, it is also relatively bounded with respect to
with respect to p 2 /2 in the sense of form. Then under Assumption 2.1 we can define the self-adjoint operator
by the quadratic form sum±. 
and then the functional integral representation of e −tH PF with external potential V n,m , which is denoted by e −tH PF (n,m) , is given by Proposition 2.6. By the monotone convergence theorem for forms, we can see that lim n→∞ lim m→∞ e −tH PF (n,m) = e −tH PF , where H PF is defined by (2.55). On the other hand the functional integral representation of I = (F, e −tH PF (n,m) G) = ℜI + iℑI is divided into the positive part and the negative part as
and each term converges as n, m → ∞ by the monotone convergence theorem for integral. Then the functional integral representation is given by 
A fundamental estimate to show the spatial exponential decay of bound states is the lemma below.
. Then for arbitrary t, a > 0 and each 0 < α < 1/2, there exist constants
where W a (x) = inf{W (y)||x − y| < a}.
Proof: It is a slight modification of [Car78] . Since ϕ b = e tE e −tK PF ϕ b , we have
Hence for almost every x it follows that
By this we have
where we used the Schwartz inequality and
Let A = {ω ∈ X | sup 0≤s≤t |B s (ω)| > a}. Then it follows from a martingale inequality that
with some ξ α for each 0 < α < 1/2. Thus it follows that 
, we obtain the lemma by the inequality (a + b) Moreover Σ ≥ W ∞ holds.
(Confining case 1) Suppose that W (x) ≥ γ|x| 2n outside a compact set K for some n > 0 and some γ > 0. Let 0 < α < 1/2. Then there exists a constant C 1 such that
(Confining case 2) Suppose that lim |x|→∞ W (x) = ∞. Then there exist constants
(Non-confining case) Suppose that Σ > E and Σ > W ∞ . Let 0 < β < 1. Then there exists a constant C 2 such that
it is enough to show all the statements for sufficiently large |x|.
(Confining case 1) Note that W|x|
in (3.3), we have
we have ϕ b (x) ≤ C ′ e −δ ′ |x| for sufficiently large |x|. Then (3.9) follows. QED
We give several remarks on Theorem 3.3.
(Independence of bose mass m) Suppose that ω(k) = |k| 2 + m 2 . Let ϕ b be a normalized ground state of K PF : ϕ b H = 1, and E m = infσ(K PF ). It is shown that there exist also constants C 1 and C 2 such that
by Theorem 3.3. Since the ground state energy E m is decreasing in m, we can take C 1 and C 2 independent of m < M with some M. This fact is nontrivial and useful to show the existence of ground states of the Pauli-Fierz model with m = 0. This is used in e.g., [Hid10] .
(Threshold) The threshold is defined by
where D R = {F ∈ D(H PF )|F (x) = 0, |x| < R}. We note that Σ ∞ ≥ Σ, and
From this the bound
follows, where In particular the superexponential decay, ϕ b (x) ≤ C 1 e −C 2 |x| n+1 ϕ b H , is shown for the case of polynomially increasing potentials (confining case 1), while in nonconfining cases, we show that in (3.16), β = 1 and
We give examples of external potentials. In this case V ∈ E . 
Appendix
In this appendix we show the unitary equivalence between H PF and the Pauli-Fierz
Hamiltonian defined on The field operator in F is given by
where φ (k) =φ(−k). The quantized radiation field is defined by 
